Multi-photon and coherent states of light are formulated in a non-Fock representation. The standard properties of such states are recovered as certain limiting cases. The new formalism leads to field operators which can be multipled at the same point in space and thus the main source of ultraviolet divergences is absent. The example of radiation fields produced by a classical current shows an automatic regularization of the infrared divergence.
I. VACUUM STATE OR VACUUM STATES?
Quantum theory of radiation fields is typically constructed in terms of the Fock representation of the algebra of canonical commutation relations (CCR). The Fock representation is just one out of uncountably many inequivalent representations of CCR. Its two characteristic features are: (i) irreducibility and (ii) uniqueness and cyclicity of the vacuum state.
Irreducibility means that any operator which belongs to the center of the algebra (i.e. commutes with all the other operators) is proportional to the identity. Uniqueness (and hence Poincaré invariance) means that there is only one vacuum state. Cyclicity means that multiphoton states span the entire Hilbert space.
Irreducibility of a representation is a condition which may or may not be satisfied by a physical system. In the context of quantum fields a class of reducible representations of CCR, called generalized free fields, was intensively investigated in 1960s and 1970s [1, 2] . The right-hand-sides of CCR were in those theories given by certain operators involving different masses. However, if one believes that photons are characterized by a single mass m = 0 then the generalized free-field representations are useless. Moreover, the theories based on generalized free fields did not finally circumvent any difficulty of quantum field theory.
The uniqueness of vacuum leads to difficulties of its own. According to the Haag theorem [2] a representation with a unique vacuum is applicable only to free fields. In more recent times the problems with unique vacuum reappeared in the context of quantum teleportation [3] . Quantum field theoretic analysis of teleportation of a completely unknown state shows that the procedure is impossible if one employs fields satisfying the standard irreducible representation of commutation relations with a unique vacuum state.
The above theoretical result does not seem to discourage experimentalists in their attempts of teleporting quantum states of light [4] . To make the situation even more problematic an experiemntal verification of teleportation of an entanglement with vacuum has been recently reported [5] .
The idea of entanglement with vacuum is associated with a very concrete form of the Fock-type representation. Its easiest illustration is for fields quantized in a finite volume. The set of all the possible momenta is then countable and can be ordered by integers. The vacuum is, in this representation, given by the infinite tensor product |0 = . . . |0 . . . |0 . . .
An anihilation operator corresponding to the k-th momentum is
where I is the identity and [a, 
and a (symmetric) beam splitter may be given by a unitary map acting as follows
= . . . 
The state of the 'oscillators' whose ground state represents the vacuum may be thus regarded as a tensor product of an entangled state
with a product state representing the ground state of the 'rest of the Universe'. The oscillators themselves are distinguishable since a 1-photon state is not symmetrzed. Otherwise it would be impossible to distinguish between different momenta.
This type of representation was employed in the theoretical analysis of the experiments performed by De Martini's group [5] , and the theoretical predictions agree with the data.
At a first glance it may seem that the representation of the vacuum state has been experimentally confirmed.
A closer look at the analysis given in [5] shows, however, that the experiment is essentially of the type which is well known from earlier works on two-photon interferometry and entanglement swapping [6] . All such experiments can be described without any reference to concrete representations of vacuum. It is sufficient to use the CCR algebra and the fact that vacuum is annihilated by annihilation operators. The formulas presented in [5] have to be understood as a rather peculiar and somewhat abused mathematical notation for a more standard calculation. The experiment reported in [5] does not tell us anything about the structure of quantum vacuum. Therefore, in our description of electromagnetic fields we start with a representation of CCR which is a relativistic generalization of the reducible representation of CCR appearing in a simplest model of an indefinite-frequency oscillator. A preliminary discussion of such a representation can be found in [7] . It differs from the Fock one in two respects: (1) it is reducible and (b) the vacuum state is replaced by a vacuum subspace which, as a whole, is Poincaré invariant.
These two features immediately lead to the following questions which form the main topic of the present paper:
• Can we build a relativistic formalism based on the modified representation of CCR?
• Can we introduce multi-photon states with reasonable properties? In particular, what about orthogonality of states representing different numbers of photons, or different wave-packet profiles?
• Can we define coherent states which simultaneously represent semiclassical properties of light and imply the Poisson statistics of photocounts?
• Does there exist any problem which is better or more naturally treated in the modified formalism than in the old one?
All the four questions possess positive but nontrivial answers.
We begin with a relativistic generalization of the indefinite-frequency oscillator representation of CCR given in [7] . Free-field operators are quantized in this representation and a unitary representation of the Poincaré group is explicitly constructed. The relativistic covariance of the formalism is thus established.
In the next step we introduce vacuum and multi-photon states. Vacua are non-unique The appearance of the analogue of renormalization constants is in the reducible formalism automatic and follows from the definition of the representation. It turns out that we gain even more. The field operators turn out to be indeed operators and not operator valued distributions. As a consequence the main source of ultraviolet divergences, i.e. the impossibility of multiplying field operators at the same point in space, is absent. The other standard problem, the infrared divergence of the number of photons emitted by a classical current, is again automatically eliminated by the choice of reducible representation. Finally, as noted already in [7] , the energy of vacuum is a finite number multiplied by N, and is finite since N is finite.
Having multi-photon and coherent states which in an appropriate limit possess the properties one observes in a laboratory we can, in principle, formulate the entire quantum optics. This is good news, since the starting point is a vacuum of exactly the type one needs for circumventing the Haag theorem and the criticism raised by field theorists with respect to teleportation experiments.
II. NOTATION
In order to control covariance properties of fields in generalized frameworks it is best to work in a manifestly covariant formalism. The most convenient is the one based on spinors and passive unitary transformations.
A. Spinor convention and fields
We take c = 1 andh = 1. The index notation we use in the paper is consistent with the Penrose-Rindler spinor and world-tensor convention [9] . The electromagnetic field-tensor and its dual are
Self-dual and anti-self-dual parts of F ab are related to the electromagnetic spinor by
where F = (E + iB)/2 is the Riemann-Silberstein vector [10] . Denote k · x = k a x a . The electromagnetic spinor has the following Fourier representation [11, 12] 
where the spinor field π A (k) is related to the future-pointing 4-momentum by
and the invariant measure on the light-cone is dΓ(k) = [(2π)
self-dual parts of the field tensor are
The latter form is used by the Bia lynicki-Birulas in [12] . The sign in the amplitude f (k, ±)
corresponds to the value of helicity of positive-frequency fields.
The four-vector potential A a (x) is related to the electromagnetic spinor by
In the Lorenz gauge ∇ a A a = 0 we do not have to symmetrize the unprimed indices and
One of the possible Lorenz gauges is
where
In (20) we have introduced the null vectors
which, together with
form a null tetrad [9] .
A change of gauge is in the Fourier domain represented by a shift by a multiple of k a .
The form (20) shows that gauge freedom is related to the nonuniqueness of ω A (k) which can be shited by a multiple of π A (k).
B. Momentum representation
Consider the momentum-space basis normalized by
The identity operator in momentum space is dΓ(p)|p p|. If 1 is the identity operator occuring at the right-hand-side of CCR [a s , a † s ′ ] = δ ss ′ 1, we denote 
which shows that π A (k) and (Λπ) A (k) = Λ A C π C (Λ −1 k) are proportional to each other, the proportionality factor being
The form (20) showed that the gauge freedom is related to shifts
which do not affect λ(Λ, k) making it independent of gauge. Using again
and we find
where the passive transformation of the classical wave function Poincaré group can be found in [13] .
IV. REDUCIBLE QUANTIZATION
The mode quantization of free electromagnetic fields reduces to an appropriate choice of the map
which replaces wave functions by operators. The idea of reducible quantization is to take a(k, s) as an operator analogous to the operator one finds for a harmonic oscillator whose frequency is indefinite. In the nonrelativistic case there is only one parameter ω and one finds [7, 8] the reducible representation of CCR
where a comes from the irreducible representation [a, a † ] = 1. The electromagnetic field involves the 3-momentum k and two polarizations. Let a s be the annihilation operators corresponding to an irreducible representation of the CCR algebra [a s , a † s ′ ] = δ ss ′ 1. We accordingly define the one-oscillator indefinite-frequency creation and annihilation operators [15] 
satisfying the commutation relations characteristic of a reducible representation of the CCR
The one-oscillator reducible field quantization is
Spinor transformations of −F ab (x) lead to the passive transformation
The quantization procedure is gauge independent since we work at the gauge-independent level of
Multi-oscillator fields are defined in terms of the reducible representation which can be constructed from the single-oscillator one as follows. Let A be any operator acting in the single-oscillator Hilbert space. If we denote by
the extension of A to the N-oscillator Hilbert space, then
and
The reducible representation satisfies
The operator I k at the right-hand-side of CCR is given by
Its presence will influence orthogonality properties of multi-photon states, as we shall see later. The factor 1/N in (51) leads to the resolutions of identity
At the multi-oscillator level the electromagnetic field tensor operator is
The four-potential operator is (in our choice of gauge)
It is well known that field "operators" of the standard theory (let us denote them byÂ a (x)) are in fact operator-valued distributions. As a consequence the operator products of the formÂ a (x)Â b (y) are ill defined and lead to ultraviolet-divergent expressions if x = y. The techniques of dealing with ultraviolet divergences are based on appropriate regularizations of products of distributions taken at "diagonals" in configuration space [16, 17] . In Sec. XI w shall see that the reducibly quantized A a (x) is an operator and there is no difficulty with
V. ACTION OF THE POINCARÉ GROUP ON FIELD OPERATORS
We are interested in finding the representation of the group in terms of unitary similarity
It is sufficient to find an appropriate representation at the one-oscillator level. Indeed, assume we have found U Λ,y satisfying
Then
A. Four-translations
The definition of four momentum for a single harmonic oscillator is
One immediately verifies that
implying
Consequently, the generator of four-translations corresponding to
The x-dependence of field operators can be introduced via P :
B. Rotations and boosts
To find an analogous representation of
we define
Finally the transformations of the field tensor are
The zero-energy part of P can be removed by a unitary transformation leading to a vacuum picture dynamics (cf. [8] ). We will describe this in more detail after having discussed the properties of reducible states.
VI. ACTION OF THE POINCARÉ GROUP ON STATES
It is clear that in order to control transformation properties of states it is sufficient to discuss single-oscillator representations. We shall start with single-oscillator states and then extend them to many oscillators.
The one-oscillator Hilbert space consists of functions f satisfying
We will write them in the Dirac notation as
The operator U Λ,y introduced in the previous section acts on states of a single oscillator by
The latter formula can be written as
or
The Poincaré transformation of an arbitrary multi-oscillator state state |f is
The form (75) is very similar to the zero-mass spin-1 representation (36), the difference being in the multiplier n + + n − + 1/2. One can check by a straightforward calculation that In what follows we will work in a "vacuum picture", i.e with unitary transformations
The transition
is performed by means of the unitary transformation which commutes with reducible creation and annihilation operators.
Let us stress that the fact that we "remove" the zero-energy parts from generators does not mean that energy of vacuum is zero. The vacuum picture is in a sense a choice of representation co-moving with vacuum.
VII. VACUUM STATES
Vacuum states are all the states which are annihilated by all annihilation operators. At the one-oscillator level these are the states of the form
Even in the vacuum picture the vacuum states are not Poincaré invariant since
which means they transform as a 4-translation-invariant scalar field. We will often meet the expression Z(k) = |O(k)| 2 describing the probability density of the "zero modes".
An N-oscillator vacuum state is a tensor product of N copies of single-oscillator vacua,
Vacuum may be regarded as a Bose-Einstein condensate of the ensemble of harmonic oscillators at zero temperature. Such a vacuum is simultaneously a particular case of a coherent state with α(k, s) = 0.
VIII. COHERENT STATES
An analogue of the standard coherent (or "semiclassical") state is at the 1-oscillator level
Its explicit form in the basis of eigenstates of the oscillator is
The average of the 1-oscillator field operator evaluated in such a coherent state is
Let us note that (87) involves a 'renormalized amplitude'
and not just α(k, s). This very characteristic property of the reducible formalism is an analogue of the formula
known from renormalized field theory.
The vacuum-picture coherent-state wave function transforms by
is the spin-1 massless unitary representation (36).
The Poincaré transformation of the state thus implies
Using this result we get again
showing that V Λ,y is consistent with passive T Λ,y transformations of classical wave functions.
With a(β) and a(β) † given by (39)-(40) we define the displacement operator
which performs a shift of the classical wave function
and commutes with I k :
A multi-oscillator displacement operator is
and satisfies
Coherent-state averages at 1-oscillator and N-oscillator levels are related by
i.e. do not depend on N.
Coherent states are related to the vacuum state via the displacement operator
where |O α N is the 1-oscillator coherent state with α N (k, s) = α(k, s)/ √ N. The appearance of 1/ √ N will be shown to be of crucial importance for the question of statistics of excitations of multi-oscillator coherent states.
IX. NORMALIZED 1-PHOTON STATES
Consider the vector
The form (82) of the vacuum state implies
Since anyway only the modulus
2 occurs in the above scalar products one can also work with f B (k, s) =
The relation between f B and f resembles the one between the bare and renormalized wave functions [18] . We believe this is more than just an analogy.
Thinking of bases in the Hilbert space one can take functions f i satisfying
X. NORMALIZATION AND ORTHOGONALITY OF MULTI-PHOTON STATES
Normalization of multi-photon states is more complicated. In this section we will discuss this point in detail since the argument we give is very characteristic for the reducible framework. We will also use a similar trick to show that the multi-oscillator coherent states have, again in the thermodynamic limit, Poissonian statistics of excitations.
The next theorem explains in what sense the orthogonality of multi-photon wave packets can be characterized by the same condition as for 1-photon states, i.e. in terms of f |g Z or, equivalently, the wave-packets f B (k, s).
Denote by σ the sum over all the permutations of the set {1, . . . , m}.
Theorem 1. Consider the vacuum state (82). Then
Proof: For m = m ′ the scalar product is zero, which is an immediate consequence of the fact that vacuum is annihilated by all annihilation operators and the right-hand-side of CCR is in the center of the algebra. So assume m = m ′ . The scalar product of two general unnormalized multi-photon states is
Further analysis of (108) can be simplified by the following notation:
with j = 1, . . . , m; the sums-integrals s j dΓ(k j ) are denoted by k j . Then (108) can be written as
Since m is fixed and we are interested in the limit N → ∞ we can assume that N > m. The sum (109) can be now written as
The coefficient P 0 = N 0 N m represents a probability of C 0 in the cube. The elements of the remaining sum over (A . . . Z) / ∈ C 0 can be also grouped into classes according to the values of O| . . . O|A k 1 . . . Z km |O . . . |O . There are m − 1 such different classes, each class has its associated probability P j , 0 < j ≤ m − 1, which will appear in the sum in an analogous role
The proof is completed by the observation that Comments: (a) The thermodynamic limit is naturally equipped with the scalar product yielding orthogonality relation of the form (107). However, for small N there will be differences if m is large. (b) Concrete values of P j for some small m were given in [7] . For m = 2:
XI. STATES GENERATED BY FIELD OPERATORS
Acting with the vector potential operator on a vacuum we obtain the vector
The positive definite scalar product
shows that there is no ultraviolet divergence at x = y since dΓ(k)Z(k) = 1.
It is easy to understand that the same property will hold also for general states. To see this let us write the single-oscillator field operator as a function of the operatork a = dΓ(k)k a |k k|, i.e.
The operators m a (k) andm a (k) are functions of the operatork and are defined in the standard way via the spectral theorem. The remaining operators (a j , a † j , and e ±ik·x ) are also well behaved. Particularly striking is the fact that the distribution dΓ(k)e ik·x is replaced by the unitary operator
The latter property is at the very heart of the regularities encountered in the reducible formalism. Now, it is widely known that configuration-space renormalization of ultraviolet divergences can be reduced to an appropriate treatment of products of field operators on the diagonals x = y [16, 17] . The formula (116) is a strong indication that such divergences may be absent in the reducible framework. The same property will hold for reducibly quantized fermionic fields.
XII. COHERENT STATES AND STATISTICS OF EXCITATIONS
It is an experimental fact that laser beams produce Poissonian statistics of photocounts. properties of multi-photon states described above.
We will also return to the question of thermal states and the Planck formula. In [7] it was argued that reducible quantization implies deviations from the black-body law. However, a consistent interepretation of the field in terms of the thermodynamic limit shows that no deviations should be expected.
We begin with
The average number of excitations in this state is
The simplest case is the one where α(k, s) = α = const. Then n = |α| 2 and the statistics of excitations of single-oscillator coherent states |O α N is Poissonian with the distribution repeated indices must be identical due to symmetries. Intuitively, the Poissonian statistics of the thermodynamic limit follows from the fact that the probability of finding a point belonging to the boundary tends to zero as N increases. The statistics is dominated by
Bernoulli-type processes with probabilities related to the two lowest energy levels of a single oscillator in a coherent state.
To make the argument more formal we introduce the following notation:
If we add a single-element set X (N ) 0 containing the event representing N oscillators in their ground states we can represent the set of all the events by the disjoint sum
The probability of finding the partition m = n 1 + . . . + n k is
where N n 1 ...n k is the number of elements of X
m . The probability that m excitations are found is 
However,
is the continuum limit of the probability of finding a point belonging to any diagonal in the cube. This ends the proof.
The main result of this section is the following version of the well known Poisson theorem:
Proof : As an immediate consequence of the lemma we find
which means that in the thermodynamic limit we can treat excitations of the oscillators to 2nd and higher excited levels as events whose probability is zero. The probabilities of ground and first excited states follow from the single-oscillator Poisson distributions but conditioned by the fact that only the lowest two levels are taken into account.
We thus arrive at the standard Poisson process with
and lim N →∞ NP N = |α| 2 .
XIII. A NOTE ON THERMAL STATES
A single-oscillator free-field Hamiltonian H has the usual eigenvalues
The eigenvalues of the free-field Hamiltonian H at the multi-oscillator level are sums of the single-oscillator ones. In [7] it was assumed that the Boltzmann-Gibbs distribution of thermal radiation should be constructed in terms of H. Let us note, however, that such a construction makes use of H as if it was a Hamiltonian of a single element of a statistical ensemble. The discussion of the thermodynamic limit we have given above, as well as the results of [8] , suggest that H is the Hamiltonian of the entire ensemble of systems described by H, and it is H and not H which should be used in the Boltzmann-Gibbs distribution.
Then, of course, the result will be the standard one and no deviations from the Planck formula will occur.
XIV. RADIATION FIELDS ASSOCIATED WITH CLASSICAL CURRENTS
The problem of radiation fields is interesting for several reasons. First of all, the radiation fields satisfy homogeneous Maxwell equations so that the theory we have developed can be directly applied. Second, this is one of the simplest ways of addressing the question of infrared divergences within the reducible framework.
It is widely known [12, 19] that in the canonical theory the scattering matrix corresponding to radiation fields produced by a classical transverse current is given, up to a phase, by a coherent-state displacement operator e −i d 4 yJ(y)·A in (y) . One of the consequences of such an approach is the Poissonian statistics of photons emitted by classical currents. An unwanted by-product of the construction is the infrared catastrophe.
Let us assume that we deal with a classical transverse current J a (x) whose Fourier
. Transversality means here that
Formally, a solution of Maxwell equations
can be written as
Here A ain and A aout are solutions of homogeneous equations. D ret and D adv are the retarded and advanced Green functions whose difference is the Jordan-Pauli function
The 4-potential of the radiation field is
and leads to the field spinors
Comparing these formulas with expressions (11) and (12) valid for all solutions of free Maxwell equations one finds
XV. RADIATION FIELDS VIA S MATRIX IN REDUCIBLE REPRESENTATION
Formula (143) is analogous to the one from the canonical theory. It is clear that although a(k, s) in and a(k, s) out cannot be simultaneously of the form given by (46), they do satisfy the reducible algebra (49). In spite of this the result (143) is not very satisfactory.
Indeed, one expects that the interaction term representing a classical current minimally coupled to the electromagnetic field takes the form
and the resulting scattering matrix is
with some phase φ. Application of S to the incoming field produces
Employing (141), (142) one can write
where m a = m a (k), and
Consequently, the S matrix is in the reducible theory proportional to the displacement operator constructed by means of the reducible representation, i.e.
This has implications for the infrared catastrophe problem.
XVI. AUTOMATIC REGULARIZATION OF THE INFRARED PROBLEM
To close this part of the discussion let us consider the issue of infrared catastrophe. We have to compute an avarage number of photons in the state D(j)|O . The number-of-photons operator is
The 1 in the above formula is the identity in the k space and a s satisfy CCR. The average number of photons and the average four-momentum read
A comparison with the infrared-divergent Fock results
shows that the reducible framework may regularize the divergence if Z(k) → 0 with k → 0.
The point is that this is indeed the case. O(k) belongs to a carrier space of an appropriate unitary representation of the Poincaré group. As such this is a differentiable function vanishing at the origin k = 0 of the light cone. This is a consequence of the fact that the cases k = 0 and k = 0, k 2 = 0, correspond to representations of the Poincaré group induced from SL(2, C) and E(2), respectively (for another justification see [11] ).
Hence, the regularization of the infrared divergence is implied by relativistic properties of the field. It is quite remarkable that all the divergences are regularized automatically by the same property of the formalism: The nontrivial structure of the vacuum state. In the case of ultraviolet and vacuum divergences the regularization is a consequence of square integrability of O.
XVII. CONCLUSIONS
The representation of CCR we have chosen to quantize the electromagnetic field is constructed in analogy to harmonic oscillators with operator frequencies. A relation of such oscillators to those we know from textbooks is similar to this between an atom 'located at the origin' and an atomic center-of-mass wave packet [20] . The parameter ω of the Heisenberg oscillator is typically a function of observables, just to give the examples of a pendulum (distance between centers of mass), or a charged particle rotating in a quantum magnetic field.
Quantization of this paramter is therefore very natural. The consequences of such a move turn out to be important. We no longer deal with an irreducible representation of CCR and the unique vacuum of the Fock representation is replaced by a Hilbert subspace of N-oscillator vacua. The resulting nonuniqueness of a vacuum state is related to the freedom of choosing the wave-packet profile O(k).
The resulting quantum theory of light might be in principle dramatically different from what we are accustomed to. However, a closer inspection shows that the structures one needs are maintained in the new theory, at least as certain limiting cases. Moreover, the new formalism seems to involve less singular objects than standard quantum field theory.
The fact that the structures one knows from the standard theory reappear in the limit N → ∞ suggests that physical values of N may be very large. It has to be stressed that N → ∞ has nothing to do with any cut-off. More appropriate analogies are those between quantum mechanics of single particles (N = 1) and quantum thermodynamics (N → ∞).
For these and other reasons it is tempting to interpret the reducible framework as more fundamental than the Fock one. The divergences of the latter may be a consequence of unjustified extrapolations. To give an example, the infinite vacuum energy reappears in the reducible framework if one takes N = ∞. However, the meaning of the divergence is the same as an infinite mass occuring for a glass of water, if one takes the thermodynamic limit too literally.
Let us end the paper with a few remarks on canonical commutation relations for renormalized (for simplicity scalar) fields. It is known that the CCR [a(k), a(k
holds in the standard formalism only for free fields. The physical fields involve CCR in a form [a(k), a(k
where 0 ≤ Z < 1 is a renormalization constant and the cut-off |k| < ∞ is employed.
Therefore Z can be treated as a non-zero constant only in a certain set of momenta asociated with the cut-off. Alternatively, one can incorporate the cut-off by turning Z into a function,
i.e.
[a(k), a(k
The problem with such a modification is that the action of the Poincaré group
will influence only the left-hand-side of (158) and thus the theory will not be Poincaré 
It is striking that all the results we have found for N → ∞ may be summarized by the following rule: In the limit N → ∞ the products of the form
are replaced by
In effect the reducible representation may be regarded as a covariant implementation of the regularization (158). Now, is it just a complicated way of performing the regularization, or maybe there are other reasons to believe that there is a fundamental aspect in reducible quantization? In
